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Optimal Location and Gains of Feedback Controllers
at Discrete Locations

Makola M. Abdullah¤

Florida A&M University, Tallahassee, Florida 32310

The dynamic responses of elastic structures due to vibrations are very important and can produce conditions
that can vary from uncomfortable to unsafe. For this reason, optimallydesigned and placed control devices are very
important for the reduction of these vibrations. Many structures have limitations on where these control devices
can be placed. However, many existing algorithms are not able to provide solutions to these nonlinear/discrete
location problems. A new method is presented for optimal design of the placement and gains of actuators and
sensors at discrete locations in output feedback control systems. The method extends the method of Xu et al. (Xu,
K., Warnitchai,P., and Ingusa,T., “OptimumLocationsand GainsofSensors and Actuators for Feedback Control,”
AIAA Paper 93-1660, 1993) by solving for the optimal placement at certain discrete locations. A new algorithm
is introduced that will allow constrained optimization problems with solutions possible only at discrete locations
to be modeled as unconstrained optimization problems. Numerical studies were performed on a two-dimensional
structure. Convergence to optimal discrete solutions was ef� cient.

Nomenclature
A2N = integer transformation function constant
a; b = dimensions of the membrane structure
b.xa/ = n £ m actuator placement matrix
Cd = n £ n modal damping matrix
c.xs / = r £ n sensor placement matrix
c0 = damping per unit area
F = m £ r time-invariant output feedback gain matrix
F.x; t/ = applied force
g.x/ = sample function
Hi = approximate inverse of the Hessian matrix
h.y/ = integer transformation function
I = n £ n identity matrix
J = expected value of the control cost function; cost

function
OJ = control cost function

K = matrix integral
L = linear differential operator
L = matrix integral
m = number of actuators
m0 = mass per unit area
N = integer for the approximation of the step function
n = number of modes in the structural model
Q = weight matrix for structural response
q.t/ = generalized coordinates
R = weight matrix for control forces
r = number of sensors
Si = search direction vector
t = time
u.t/ = applied control force matrix
w.x; t/ = displacements
Xa = boundary for actuator placement
Xi = vector of optimization variables
Xs = boundary for sensor placement
x = spatial coordinate
xa = actuator placement coordinate
xs = sensor placement coordinate
Yi = integer transformed vector of optimization variables
ya = integer transformed actuator placement coordinate
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ys = integer transformed sensor placement coordinate
y.t/ = r vector of sensor outputs
® j ; ¯ j = parameters for open-loop modes
±i j = Kronecker delta function
" = convergence control parameters
´; » = unconstrainedcoordinates
3 = n £ n modal stiffness matrix
¸ = elastic constant
Á.x/ = n vector of eigenfunctions
!i = i th natural frequency of the open-loop system
¤ = optimal values

Introduction

I N the design of feedback control systems for � exible structures,
there are two sets of design parameters, the control gains and

the placement of sensors and actuators. There are well-established
methods for determining optimal gains; however, methods for opti-
mal placementare relativelynew. Early optimal placementmethods
minimized control energy,whereas the design of the feedback gains
was considered separately.1 – 3 Schultz and Heimbold4 developed
a method of concurrent design of both placement and gains. The
method is optimal in that it maximizes energy dissipation due to
control action. The solution to the optimization problem was ob-
tained by a gradient-basednonlinear programming technique.

In this paper, the method of Xu et al.5 is extended. The original
method consisted of calculating the gradients of the performance
function not only with respect to the feedback gains but also with
respectto sensorand actuatorplacement.Only the dimensionsof the
example structure limited the placement of the collocated sensors
and actuators. However, in many cases, there is a discrete and � nite
set of possible locations within the structure where the sensors and
actuators can be placed. In solving problems of this nature, it is
necessaryto use integer-programmingtechniques.In most gradient-
based optimal control problems, each of the design variables are
permitted to take any real value. For problems where all or some of
the design variables must be from a discrete set, the most feasible
way to � nd a solution is using integer-programming methods. An
integer-programming method is used in this paper to � nd optimal
placement of controllers and actuators at discrete locations.

It is not always possible to place control sensors and actuators at
arbitrarypositions.It is possiblethat for many structuresthe optimal
locations for sensors and actuators to minimize vibrations are not
feasible. Simply rounding solutions can give very unpredictable
results. It is possibleto round the locationof an actuator to a position
where a mode would be uncontrollable.In this case, the desired and
actual control effects can differ drastically. Also, it is not always
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possible to search every combination of locations, especially with
the concurrent design of placement and gains. Using the analytical
expressions for the performance function de� ned by Xu et al.,5 a
transformation will be used to � nd the optimal placements from a
set of discrete locations.

Relatively very little work has been done in the area of nonlin-
ear and mixed integer (problems with both integer and continu-
ous design variables) programming. In many cases, linear integer-
programming techniques have been used to solve some nonlinear
problems. It is known that these nonlinear integer-programming
methods are not as robust as their continuouscounterparts.6 Several
integer-programming techniques that have been used for nonlin-
ear optimization include the zero–one7 and branch and bound8 and
interior penalty function methods8 for integer and mixed integer
problems.

The zero–one methodhas beenused successfullyfor certain types
of nonlinear problems. In this method, each possible solution for
each design variable is transformed into a zero–one variable. If a
solutionis chosen to be optimal it is given the valueof one, if it is not
chosen it is given the value of zero. The advantage of this method
is that it can handle a large number of integer values effectively
for convex problems. However, in using the standard control cost
functions,it is rare for more than one mode of the problemto be con-
vex. Also, this method is not ef� cient for mixed integer problems
and requires signi� cant changes in the structure of the optimiza-
tion algorithm to change to the binary zero–one system. The branch
and bound method is very ef� cient for an integer problem, but it
is only useful for a small number of variables, less than 10 or 20.
The interior penalty function method for integer and mixed integer
problems is capableof handlingmixed integerproblemseffectively;
however, it was felt that the addition of a penalty function would
affect the generic qualities of the control algorithm. Many other
methods have been developed for very discreteproblems: the knap-
sack problem or the traveling salesman problem. It was not clear,
however, whether these methods could be used for the quadratic
control cost functions that are popular for the control of � exible
structures. Note that, because there has been little study of nonlin-
ear integer and mixed integer programming, these methods are not
yet reasonably guaranteed to converge. It was important to develop
a gradient-based method that handled the mixed integer problem
effectively and was easy to program. This method must also have a
satisfactory rate of convergence.

A new method is proposedhere. For well-de� ned functions,it has
been shown that a constrained nonlinear problem can be converted
into an unconstrainedproblem using a transformationof variables.5

This technique is very easy to program. In the proposed method,
the use of transformations is generalized where a change of the de-
pendent variables will be used to transform the constrained integer
problem to an unconstrained continuous one. Because the perfor-
mance function is well de� ned, it is demonstrated that this change
of variables is an effective means of � nding integer optimal val-
ues. One of the major advantages to this method is its ease of pro-
gramming. It is shown to be quite effective with the very robust
Davidion–Fletcher–Powell (DFP) algorithm used in the numerical
optimization.

Discrete Location Programming Technique
Consider the optimization problem

min J .xa ; xs; F/ ! x¤
a ; x¤

s ; F¤ .1/

where J is thecost functionde� ned later,xs and xa are theplacement
of sensors and actuators, respectively, and F is a feedback gain
matrix,whereasx¤

s , x¤
a , and F¤ are the values for the design variables

that minimize J . The variables xs and xa in a continuous case are
subject to constraints

xa 2 Xa; xs 2 Xs .2/

where Xa and Xs are subsets of the domain of the structure, which
in most cases is only limited to the dimensionsof the structure. If xa

and xs are restricted to integers, or a set of equally spaced numbers
Xa and Xs , this problem cannot be solved by standard techniques.
This problem is now (or can be represented as) a mixed integer

problem, where a partial set of variables (actuator and sensor place-
ments) are integers and the remaining variables (gain assignments)
are nonintegers. It would be useful to � nd a transformation to make
all of the variablesnonintegerso that the problem becomes a nonin-
teger problem. This objective would be accomplished if a function
x D h.y/ could be found so that

min J [h.ya/; h.ys/; F] ! y¤
a ; y¤

s ; F¤ .3/

subject to the constraints

ya 2 Xa; ys 2 Xs .4/

where y is a continuous variable that produces an integer value for
x, and Xa and Xs still are the subsets of the domain of the structure.

The function h in theory should be a round-off step function,
which would round any number to the closest integer. However,
this step function is discontinuous and, therefore, its derivative
is unde� ned at each step. This renders gradient-based nonlinear-
programmingmethodsunusablebecausethegradientsof J [h.y/; F/
would now also be discontinuous. Thus, it is important to � nd a
function that looks like this step function and is yet continuous.

It can be shown that the sine function raised to an even power,
as the even power becomes large, begins to look like a periodic
impulse function.9 Reference 9 should be consulted for more de-
tails. If this function is multiplied by a constant to make the area
under each impulse equal to one, the following integral becomes an
approximation for the step function:

xi D h.yi / ´ A2N

yi

0

[sin.¼u/]2N du .5/

where

A2N D
22N .N !/2

.2N /!
.6/

and N is an integer for the approximationof the step function. The
constant values for A2N were found analytically. As N increases,
the approximationto the step function improves.As a point of refer-
ence, if N D 0; h.y/ D y. Then to render certain variables noninte-
ger, all that is necessary is to set n equal to zero for those variables.
Figure 1 shows a plot of the function x D h.y/ for increasingvalues
of N .N D 0; 1; 8; and 16/. The approximation gets quite accurate
for reasonable values of N . In all examples, the value of N did not
exceed 61.

The transformation just described makes integer values more at-
tractive in the optimization process. As N gets large, it becomes
increasingly dif� cult for nonlinear-programming methods to � nd
noninteger values. There are two reasons: First, the gradients at in-
teger values are much smaller that those at noninteger values. This
allows a program to perform as if it has found a minimum or maxi-
mum. More maxima or minima are not created but plateausare that
are similar to saddle points. Saddle points are neither local maxi-
mum nor local minimum points; rather, they are points where the
gradients are equal to zero. Second, the noninteger values begin to
occupy a smaller range. For instance, for N D 27 all values of x
between 1.00 and 2.00 correspond to values of y values between
1.4 and 1.6, this can also be seen in Fig. 1.

To illustrate the preceding concepts, consider the simple curve
g.x/ D .x ¡ 0:25/2. This is a curve where the minimum occurs at
x D 0:25, which is not an integer value. The graphs of g.x/ and
g[h.y/] are shown in Fig. 2. From these two curves, it is easy to see
how the integer values become more attractive.This transformation
using h.y/ was done for N D 5, a relativelylow number.The plateau
that exists at all integers for values of y will make it very dif� cult to
� nd x D 0:25. For N D 10, the point x D 0:25 would be even harder
to � nd. However, if N is too large, integer values become too attrac-
tive; an iterative method might refuse to move from the � rst integer
value it � nds because of the small value of the gradient, and the
search vector (which is proportional to the gradient) might be zero
or close to zero. This would yield integer convergence, but not the
optimal integer convergence.Optimal integer convergenceis much
more likely if N D 0 is chosen � rst and then increased at each non-
convergent iteration. In other words, N should be a function of the
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a) N = 0

b) N = 1

c) N = 8

d) N = 16

Fig. 1 Transformation of variables.

a) g(x) = (x ¡ 0:25)2

b) g[h(y)] = [h(y) ¡ 0:25]2

Fig. 2 Graphs where N = 5.

iteration step i , where N D f .i/. This gives the algorithm direction
before integer solutionsbecome too attractive,which allows a mini-
mum region to be foundearly,but not a nonintegersolution.Another
helpful addition to the algorithm to increaseoptimal convergenceis
to start increasing the value of N after a minimum region has been
found. In other words, let

N D f .i ¡ imr/ .7/

where imr is the � rst iteration step where the performance function
satis� es J < Jmr and Jmr is a chosen value of the cost function that
de� nes the minimum region. This implies the assumption that the
minimum integer solution will occur in the region near a local min-
imum. The two-dimensional examples shown later will show that
this is true for most cases. Generally, the value for Jmr is chosen
after the values of the noninteger local minimums have been found.

The optimal design problem de� ned by Eqs. (3) and (4) is a con-
strained nonlinear-programmingproblem. However, as long as the
subspaces Xa and Xs are polygons, or other well-de� ned geome-
tries, the constrained problem can be mathematically transformed
to an unconstrained problem.5 Therefore, the optimization prob-
lem presented here can be treated as an unconstrainedminimization
problem. It is important now to de� ne the cost function J as a func-
tion of sensor/actuator placement.

Formulation of the Optimization Problem for Control
of Linear Elastic Structures

The vibration response of an elastic structure subjected to an
applied force F.x; t/ is given by

m0
d2

dt 2
C c0

d
dt

C ¸L w.x; t/ D F.x; t/ .8/

The � rst two terms are the inertial and viscous damping forces.
The third term is the elastic restoring force, expressed in terms of a
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linear differential operator L . If Eq. (8) can be solved by separation
of variables, then w.x; t/ is of the form

w.x; t/ D ÁT .x/q.t/ .9/

where ÁT .x/ are the mode shapes of structure and q.t/ are the gen-
eralized coordinatesgiven by the solution of

IRq.t/ C Cd Pq.t/ C 3q.t/ D bu.t/ .10/

The applied control force is expressed as a product of the n £ m
matrix b and an m vector u.t/, whereas I is the identity matrix, and
3 and Cd are the decoupled modal stiffness and damping matrix,
whose diagonal terms are de� ned as follows:

3i D
L

0 Ái LÁ j dx
L

0
mÁ2

i dx
D ±i j !

2
j .11/

and

Cd i D
L

0 Ái c0Á j dx
L

0 mÁ2
i dx

D ±i j 2³! j .12/

where ! j are the natural frequencies,³ is the damping ratio, and ±i j

is the Kronecker delta.
Consider m point-force actuators located at xa j , where j D

1; : : : ; m, and r velocity sensors located at xsp , where p D 1; : : : ; r .
Then, u.t/ are the vectors of the actuator forces, and

b.xa/ D [Á.xa1/ ¢ ¢ ¢ Á.xam/] .13/

For direct output velocity feedback control used by Balas,10 the
r -dimensionalvector y.t/ is given by

y.t/ D c.xs / Pq.t/ .14/

where c.xs/ is the placement matrix

c.xs/ D $
ÁT .xs1/

:::

ÁT .xsm/

’

777% .15/

The control force is proportional to the output measurement

u.t/ D ¡Fy.t/ .16/

where F is an m £ r time invariant gain matrix.
It is convenient to express Eqs. (10) and (13–16) as a � rst-order

state equation

Px.t/ D A0x.t/ C Bu.t/; y.t/ D Cx.t/ .17/

where

A0 D
0 I

¡3 ¡Cd
; x.t/ D

q.t/

Pq.t/
(18)

B D
0

b
; C D [0 c]

The free vibration responseof the closed-loopsystem for any initial
condition x.0/ is11;12

x.t/ D e At x.0/ .19/

where e At is the fundamental transition matrix and

A D A0 ¡ BFC .20/

Gradient-Based Optimization Technique
In the following, an optimal design procedure is developed for

the actuator placement xa j , the sensor placement xsp , and the feed-
back gains F. First, a performance function is chosen that includes
both the structural response and the control effort. The standard
performance function is

OJ D 1
2

1

0
.xT Qx C uT Ru/ dt .21/

which can be expandedin terms of the fundamentaltransitionmatrix
by substituting for u as a function of x:

OJ D xT .0/
1

2

1

0

eAT t .Q C CT FT RFC/ eAt dt x.0/ .22/

A design procedure that uses this performancefunction will require
discretevalues for the initial state x.0/ ( Ref. 4). This dependenceon
x.0/ is eliminated here by using a performance function proposed
by Levine and Athans.12 The initial state is modeled as a random
vector uniformly distributed on the surface of the 2n-dimensional
unit sphere. It has been shown that the average, or expected, value
of OJ scaled by 2n is

J D 1
2

1

0
tr eAT t .Q C CT FT RFC/ eAt dt .23/

This performance function, which is expressed explicitly in terms
of actuator and sensor placement vectors xa j and xsp (which are
imbedded in the matrices C and B), and the feedback gain matrix F
are used in the following.

The optimization problem is

min J .xa; xs; F/ ! x¤
a; xs; F¤ .24/

subject to the constraints

xa 2 Xa; xs 2 Xs .25/

where Xa and Xs are subsets of the domain of the structure. For
simplicity, the subscripts j and p are dropped. If Xa and Xs are
nonintegervalues the optimizationproblemcan be solved with stan-
dard nonlinear-programmingtechniques.Because the performance
function gradients can be found analytically, descent methods can
be used to solve this problem. The derivations of the gradients to
be shown were previously shown by Xu et al.5 and Levine and
Anthans.12

To determine the gradients of the performance function, the fol-
lowing two matrix integrals are needed:

K D
1

0

eAT t .Q C CT FT RFC/ eAt dt .26/

and

L D
1

0

eAt eAT t dt .27/

The matrix K is related to the performance function by

J D 1
2 tr[K] .28/

The matrices can be solved,without numerical integration,by solv-
ing the associated Lyapunov equations13

KA C AT K C Q C CT FT RFC D 0 (29)

LA C AT L C I D 0 (30)

The Lyapunov equations are ef� ciently solved by the method of
Bartels and Stewart.14 The gradientsof the matrices B; C, and F are
as follows:

@ J

@B
D ¡KLCT FT (31)

@ J

@C
D ¡FT BT KL C FT RFCL (32)

@ J

@F
D ¡RFCLCT C BT KLCT (33/



ABDULLAH 2113

Fig. 3 Flowchart for optimization technique.

The control systems used for the present study are now limited
to single-loop collocated sensors and actuators with direct velocity
feedbackgains.This eliminates the effect of residualmodes causing
instabilities in the system.15 Because the system is collocated, C D
BT , and it is necessary to sum the preceding two gradients to yield

@ J

@B
D ¡KLBFT C LBFT RF C KLBFT .34/

The gradients with respect to the coordinate vectors xa and the
elements of the gain matrix F will be shown later.

One of the most robust gradient-based unconstrained optimiza-
tion techniques is the DFP algorithm,6;16 which is summarized by
the � owchart in Fig. 3. The basic parameters for each iteration i are:
the vector of optimization variables Xi , an approximate inverse of
the Hessian matrix Hi , and a search direction vector Si . After the
searchdirectionvector is computed, the one-dimensionalminimiza-
tion proceeds as follows. An acceleratedstep size algorithm is used
to determine an interval in the search direction that contains at least
one local minimum. Then, within this interval, cubic interpolation
is used to � nd a minimum. However, if there is more than one local
minima in the search direction, convergence may be slow; there-
fore, a combination of cubic interpolation and direct root methods
is used. If convergencedoes not occur after several iterations, then
the direct root method is used to reduce the domain so that it in-
cludes only one local minimum. As the iterations increase and the
step functionapproximationimproves, additionalsaddle points will
become prevalent. Saddle points are neither maximum nor mini-
mum conditions and have zero gradients. These points will exist at
integer solutions and will increase the complexity of the problem.
In the last step of the algorithm, the followingconvergencetests are
used:

J [h.Yi C 1/] ¡ J [h.Yi /]
J [h.Yi /]

· "1 (35)

@ J

@Y j
· "2 (36)

round.Y j / ¡ Y j · "3 (37)

Here, "1; "2 , and "3 are convergencecontrolparametersand Y j is the
j th component of the vector Yi . Round(Y ) is a function that rounds

the vector component to an integer value, and @ J=@y can be found
by using the chain rule and multiplying @ J=@ x by @x=@y, which is
the derivative of the function h as shown in Eq. (5).

Example Analysis
The example structure is a rectangular membrane, with dimen-

sions a D 1:00 and b D 1:03, as shown in Fig. 4. The derivation
of the equations of motion can be found in standard texts.17 The
open-loop modal damping ratios are 0.005 for all modes; a total of
11 modes are considered in the following numerical analysis. The
mode shapes of the open-loop system are

Á j .x; y/ D sin[® j .x=a/] sin[¯ j .y=b/] .38/

The modal parameters ® j and ¯ j and the natural frequencies are
given in Table 1.

The outputfeedbackcontrolsystemconsistsofm point forceactu-
ators and collocatedsensorslocatedat fx j ; y j g, where j D 1; : : : ; m.
The matrix b de� ned in Eq. (11) is

b D
$

Á1.x1; y1/ ¢ ¢ ¢ Á1.xm ; ym/

:::
: : :

:::

Án.x1; y1/ ¢ ¢ ¢ Án.xm; ym /

’

77% .39/

For the performancefunctionused in Eq. (21), the followingweight-
ing matrices are used:

Q D Q
3 0

0 I
; R D R

I 0

0 I
.40/

When Q is chosen as in Eq. (40), the � rst term in the original cost
function in Eq. (21) represents the total energy of the function. R is
chosen to be 10 for the example analysis.

The constraints for actuator placement are the boundaries of the
membrane, i.e.,

0 · xi · a; 0 · yi · b; i D 1; : : : ; m .41/

Table 1 Modal properties of the open-loop system

Mode number Frequencies ® j ¯ j

1 1.394 ¼ ¼
2 2.184 ¼ 2¼
3 2.223 2¼ ¼
4 2.788 2¼ 2¼
5 3.080 ¼ 3¼
6 3.153 3¼ ¼
7 3.533 2¼ 3¼
8 3.574 3¼ 2¼
9 4.010 ¼ 4¼
10 4.116 4¼ ¼
11 4.181 3¼ 3¼

Fig. 4 Elastic membrane.
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To eliminate these mathematical constraints, the constrained coor-
dinates x j and y j are transformed to unconstrained coordinates ´ j

and » j by

xi D a sin2.´i /; yi D b sin2.»i /

i D 1; : : : ; m (42)

Although there are an in� nite number of values for ´ j and » j for
each pair of values for x j and y j , the algorithm is well behaved for
any initial values for the optimization variables. For the purpose of
restricting the values of x j and y j to equally spaced intervals, we
will introduce the step function approximation from Eq. (5),

xi D ah sin2.´i / ; yi D bh sin2.»i /

i D 1; : : : ; m (43)

The gradients for these placement variables can be obtained from
the chain rule:

@ J

@´i

D @ J

@ Bkl

@ Bkl

@bmn

@bmn

@Á p.xs/

@Áp.xs/

@x p

@xs

@´i
.44/

where

@ Bkl

@bmn
D

0; if 1 · k · n mode

±.k ¡ n mode/m ±ln; if n mode C 1 · k · 2n mode
(45)

@bmn

@Áp.xs/
D ±mr ±ns (46)

@Áp.xs/

@x p
D ±sp

@Á p.xs/

@xs
fno sum on sg

D ±sp
®r

a
cos

³
®r

xs

a

´
sin

³
¯r

ys

b

´
(47)

@x p

@´i
D ±pi 2ah0 sin2.´i / sin.´i / cos.´i / (48)

After substitutionand manipulation, it is found that Eq. (44) can be
simpli� ed to

@ J

@´i
D

n mode

k D 1

2
@ J

@ B.k C n mode/i
®k cos

³
®k

xi

a

´
sin

³
¯k

yi

b

´

£ h0 sin2.´i / sin.´i / cos.´i / (49)

The gradients for the gain matrix F are much simpler. If we assume
that F is a diagonal matrix and

Fi i D f 2
i .50/

then the gradient with respect to fi would be

@ J

@ fi
D @ J

@ Fii
2 fi .51/

During the study, 20 numerical examples of an elastic membrane
were completed. The elastic membrane is shown in Fig. 4 Three
arrangements were considered: the placement of 1 actuator with 1
mode, the placementof 1 actuatorwith 11 modes, and the placement
of 11 actuators using 11 modes. The discrete location one-actuator
examplewas donefor � ve equallyspaceddivisionson both the x and
y axes. This produces 36 discrete locations, 16 on the interior and
20 on the boundary.The discrete location 11-actuatorexample was
done for 11 equally spaced divisions on both the x and y axes. This
produces 144 discrete locations, 100 on the interior and 44 on the
boundary. Each case was performed with and without the integer-
programming technique to compare with the results of Xu et al.5

Each of the examples were run for 20 random initial starting val-
ues. Because of the complexity of the cost function, it is possible
for the control algorithm to settle on many possible local minima.
The minima that yielded the lowest value of the cost function were
deemed the optimal solutions. The percentage of occurrence of the

Fig.5 Cost function J with respect to singleactuator/sensorplacement,
1 mode, gain= 0:160.

Fig. 6 Actuator/sensor placement for one
mode: , J(0:6; 0:6) = 3:564 and gain =
0:106, and £ £ , J(0:5; 0:5) = 3:244 and gain=
0:125.

Fig. 7 Actuator/sensor placement for 11
modes: , J(0:800; 0:600) = 45:775 and
gain= 0:279,and £ £ , J(0:790; 0:825) = 45:468
and gain = 0:264.

Fig.8 Cost function J with respect to singleactuator/sensorplacement,
11 modes, gain= 0.160.

optimal solutions is also found for each of the examples.This is de-
� ned as the percentageof optimal solutionsfound from the 20 initial
points. Each initial value set was allowed 100 iterations. All of the
continuous examples converged in much less than the allowed 100
iterations for 100% convergence. These examples were computed
for comparison to the discrete cases. A discrete location solution
had to be correct to three decimal places. The results are shown in
Tables 2–4. Figure 5 shows the cost function with respect to place-
ment coordinates.Figure 6 shows the actuator/sensor placement for
one mode. Figure 7 shows optimal local minima, and Figs. 8–10
show discrete location solution results.

Discussion
Single Actuator/Sensor for One Mode

The simplest optimal design problem is a single actuator and col-
located sensor with one mode. There are only three optimization
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Table 2 One actuator/sensor, one-mode case

Optimal Optimal Optimal Cost
Design type Convergence, % convergence, % placement .x ; y/ gain function J

Continuous 100 100 (0.50, 0.50) 0.425 3.244
Discrete location 85 55 (0.60, 0.60) or (3/5, 3/5) 0.470 3.564
Percent change 9.8%

Table 3 One actuator/sensor, 11-mode case

Optimal Optimal Optimal Cost
Design type Convergence, % convergence, % placement .x ; y/ gain function J

Continuous 100 40 (0.79, 0.82) 0.264 45.468
Discrete location 75 45 (0.80, 0.60) or (4/5, 3/5) 0.279 45.775
Percent change 0.6%

Table 4 Case of 11 actuators/sensors, 11 modes

Optimal Optimal Optimal Cost
Design type Convergence, % convergence, % placement .x ; y/ gain function J

Continuous 100 10 (0.20, 0.20) 0.190 5.873
(0.20, 0.79) 0.192
(0.79, 0.20) 0.192
(0.81, 0.80) 0.192
(0.16, 0.50) 0.199
(0.84, 0.50) 0.195
(0.50, 0.84) 0.195
(0.50, 0.16) 0.199
(0.48, 0.58) 0.192
(0.53, 0.53) 0.208
(0.58, 0.48) 0.192

Discrete location 40 5 (0.09, 0.18) or (1/11, 2/11) 0.281 7.614
(0.18, 0.82) or (2/11, 9/11) 0.178
(0.82, 0.73) or (9/11, 8/11) 0.168
(0.82, 0.18) or (9/11, 2/11) 0.221
(0.46, 0.18) or (5/11, 1/11) 0.275
(0.36, 0.82) or (4/11, 9/11) 0.221
(0.82, 0.36) or (9/11, 4/11) 0.246
(0.18, 0.46) or (1/11, 5/11) 0.215
(0.55, 0.46) or (6/11, 5/11) 0.206
(0.82, 0.55) or (8/11, 6/11) 0.194
(0.36, 0.27) or (4/11, 3/11) 0.227

Percent change 29.6%

Fig. 9 Optimal placement for 11 actuators/
sensors for 11 modes where J = 5:873 and
gains = f 0:190; 0:192; 0:192; 0:192; 0:192,
0:192; 0:195; 0:195; 0:199; 0:199; 0:208g .

Fig. 10 Optimal discrete placement for
11 actuators/sensors where J = 7:614 and
gains = f 0:168; 0:178; 0:194; 0:206; 0:215,
0:221; 0:221; 0:227; 0:246; 0:275; 0:281g .

variables: the velocity gain and the x and y coordinates of the con-
troller. The control penalty is R D 10, which yields control with
relatively high authority. With only one mode, there is only one lo-
cal minima, which is at the center of the membrane. It is expected
that the best solution will be the one nearest the local minima. For
the plot of the cost function J with respect to the placement coordi-
nates, shown in Fig. 5, the gain of the controllerwas held constant.
Figure 5 shows that the minimum value of J is at the crossingof the

grid lines nearest to the minimum, as shown in Fig. 6, as expected.
Because this membrane is symmetric about the center, this solution
represents all four solutions surrounding the center.

For this example, the algorithmconvergedto the optimal position
in Fig. 6 for 11 of the 20 times, as shown in Table 2. This example
was chosen for discussion because of its simplicity. Even though it
is possible in this case to simply round the value of the location to
the nearest grid point, an optimization program would still have to
be run to � nd the value of the optimal gain. The algorithmcorrectly
rounded to the nearest coordinate position, while simultaneously
� nding the optimal gain. It is, in general, possible to round the
values only when the function has only one absolute minimum.

Single Actuator/Sensor for 11 Modes
The second example is a single actuator with 11 modes. The

optimal location for the local minima is shown in Fig. 7, which is
consistent with results of Xu et al.5 Note that the optimal discrete
location of the grid is not the one closest to that minimum; in fact,
it is closer to another local minimum. Figure 8 is a plot of the cost
function for a constant gain. This plot is not as simple as the plot
for one mode. It was necessary to search all of the local minima to
� nd the optimal grid-line solution, and it does not necessarily exist
around the absolute minimum. For this example, for the 20 random
initial values used, the problem converged to the grid lines 17 of
20 times, as shown in Table 3, with 9 converging to the optimal
discrete location. This problem shows the dif� culty of rounding
solutions effectively.By rounding in this case (and then attempting
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to optimize the gain), an incorrect solution would be found. The
integer algorithm converged consistently to only three solutions,
and all of the convergent values had performance function values
below 47, with gains less than 0.27. This allows a choice of control
placements with very little difference in control cost, which shows
the effectivenessof � nding minimal discrete locations.

11 Actuators/Sensors for 11 Modes
In this example, the number of actuators is equal to the number

of modes in the structuralmodel. This problem was chosen because
it is the case with the most variables to optimize. There are 33
optimization variables, 22 of which are integer variables. As in the
preceding example, the control penalty is R D 10. The nonlinear-
programming algorithm is executed with 20 computer-generated
random initial values for the optimization variables.

The noninteger example shown in Fig. 9 is again consistentwith
Xu et al.5 For this example, the algorithm converged to the grid
pattern 9 of 20 times. Xu et al.5 found � ve different results for this
problem without discrete locations. The increase in the number of
actuators and modes results in many possible solutions.Because of
the increasing number of combinations and 100 possible interior
points to choose from, the optimal discrete location, as shown in
Fig. 10, was found only once. In fact, each of the nine solutionswere
different. In only one case was the value of the cost function higher
that 10. What is also very interesting is that, whereas the gains for
the minimumsolutionfoundby Xu et al.5 were all near0.2, the gains
for the minimum grid-line solution were in the range 0.178 –0.281.
Because of the restrictions on actuator/sensor placement, the range
of gains was increased. In general, it is advantageousfor controllers
not to fall on mode lines where a mode would be uncontrollableand
unobservable; this greatly effected the placement and gains of the
present controllers. It can be shown that several mode lines come
very close to the grid lines. The convergence rates can be found in
Table 4.

Though the convergence value was lower for this example (as
expected), it is shown that this algorithmcan work with larger prob-
lems. This example shows the advantageof integer programming in
controlbecauseit would be next to impossible to try all 100 possible
locations for 11 actuators/sensors and optimize gains.

Conclusions
A method is presented for the optimal design of placement and

gains of actuators and sensors in output feedback control systems
at discrete locations.This method used an integer transformationto
extend the method of Xu et al.5 It has been shown that the present
method is ef� cient and can � nd optimal solutions on an evenly
spacedgridpattern.The methodcanhandlea relativelylargenumber
of mixed integer variables.

The iterations for the discrete case were approximately one and
a half as long than for the nondiscretecase. This was observedeven
though the number of iterations to � nd convergent solutions was
maintained or decreased. The added time for nonconvergent solu-
tions increased the overall running time by about a factor of three.
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